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AMALGAMATED FREE PRODUCT OVER CARTAN 

SUBALGEBRA, II 

SUPPLEMENTARY RESULTS & EXAMPLES 


YOSHIMICHI UEDA 


1. Introduction 

Let A D D C B he two von Neumann algebras together with a common Cartan 
subalgebra. Then the amalgamated free product M = A *d B with respect to 
the unique conditional expectations from A, B onto D can be considered. In 
our previous paper [Ul], the questions of its factoriality and type classihcation 
were discussed in detail, which will be reviewed in §4. The main purpose of the 
paper is to give further supplementary results obtained after the completion of 
the previous paper together with discussing some examples. 

The author would like to express his sincere gratitude to the organizers Bruce 
Blackadar & Hideki Kosaki for inviting him to the US-Japan seminar 1999 held 
at Fukuoka, Japan and for giving this opportunity to present this paper. 

2. Amalgamated Free Products of von Neumann algebras 

Let A ^ D B he a-hnite von Neumann algebras, and let : A ^ D, 
Eq : R —> D be faithful normal conditional expectations. Then one can consider 
the amalgamated free product of A and B over D with respect to the conditional 
expectations E^, E^\ 

{M,E^) = {A,E^)*n {B,EE), 

which is dehned as a pair of a von Neumann algebra M into which the triple A 3 
D C B is embedded and a faithful normal conditional expectation E^ : M ^ D, 
and characterized by the following three conditions: 

• M is generated by the subalgebras A, B; 

• U ~ Ejj \b — Ejy, 

• A, B are free with amalgamation over D in the D-probability space (M 3 
D,E^), see [VDN], i.e., 

R^({alternating words in A°, B°}) = 0, 
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where we denote A° = KeiE-^, B° = Keri?^ as usual. 

For the details, we refer to [P2],[VDN],[U1] (see also [BD]). 

In analysis on type III factors, modular automorphisms are of central impor- 

udoE^ 

tance so that we need to compute the modular automorphisms ^ (t G R) 
for a faithful normal state (p on D. 


Theorem 2.1. ([Ul, Theorem 2.6]) We have 


( 2 , 1 ) 


ipoE 


M 

D 


A — 


1 


ipoE^ I (poE^ 

\b = 


The modular operator and the modular conjugation can be also 

computed explicitly. (See [Ul, Appendix I].) 


3. Amalgamated Free Products over Cartan Subalgebras 


Let A and B be von Neumann algebras with separable preduals, and we suppose 
that they have a common Cartan subalgebra D or equivalently that there is a 
common subalgebra D satisfying: 

• D is a MAS A in both A and B] 

• there are (automatically unique faithful) normal conditional expectations 

: A ^ D, : B ^ D] 

• the normalizers J\fA{D), Mb{D) generate the whole A, B, respectively. 
(See [FM].) Let 

{M,E^) = {A,Et)*B {B,EE), 

and we will write M = A*£)B since there is no other choice of normal conditional 
expectations from A, B onto D. 

The triple A ^ D 'O B produces two countable non-singular Borel equivalence 
relations 71 a, TZb over a common standard Borel probability space (A, p) in such 
a way that 

(3.1) A=W:AKa), B = W:JKb), 

where W*^(71a), W*^{7Zb) denote the von Neumann algebras constructed from 
7^ A) TZb together with relevant 2-cocycles a a, ctb, respectively, by the Feldman- 
Moore construction ([FM]). After hxing a point realization D = L°°{X, fi), such a 
pair {71a, 71b) is uniquely determined up to null set. (This fact will be discussed 
in [U2] in detail.) Therefore, the countable non-singular Borel equivalence relation 

7Zm •= TZa y TZb (AA x A) 

is a canonical object attached to the triple A ^ D 'O B, and we call this equiva¬ 
lence relation the canonical equivalence relation associated with the amalgamated 
free product M = A *d B or the triple A ^ D B. 
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4. Factoriality & Type Classification ([Ul]) 

In this section, we review our previous paper [Ul]. 

Let A D D C i? be as in §3, i.e., two von Neumann algebras (with separable 
preduals) and a common Cartan subalgebra. We here discuss the amalgamated 
free product M = A *£, B. The hrst problem is its factoriality, namely, to hnd a 
suitable sufficient condition for the amalgamated free product M to be a factor. 
A satisfactory answer to the problem was given in our previous paper. 

Theorem 4.1. ([Ul, Theorem 4.3]) If either A or B is a factor of non-type I, 
then the amalgamated free product M = A*dB over a common Cartan subalgebra 
D becomes a factor. More precisely, if A {or B) is a factor of non-type 1, then 
there is a faithful normal state ip on D such that 

(4.1) i\oE^y CM GA (^resp. {B^^eb)' n M C s) . 

Furthermore, if A {or B) is further assumed to be of type IIIa (0 < A < 1), then 
the state p can be chosen in such a way that 

(4.2) {A^^E^y C A = Cl (^resp. {B^^Eg)' C B = Clj . 

This result can be generalized further. Such a generalization will be discussed 
later, see Remark 4.8 (2),(3). 

The second problem seems Murray-von Neumann-Connes’ type classification 
of the amalgamated free product M. In this direction, we obtained the following 
corollaries of Theorem 4.1: 

Corollary 4.2. [Ul, Corollary 4.5]) Suppose that both A and B are factors of 
non-type I. If M = A*e B is of type IIIq, then both A and B must also be of type 


Corollary 4.3. ([Ul, p.377]) Suppose that both A and B are factors of non-type 

I. 


(1) If either A or B of type IR and if M = A *e B is semi-finite {i.e., has a 
faithful semi-finite normal trace), then M must be of type IR. 

(2) If either A or B is of type HR (0 < A < 1), then M = A*e B must be of 
type IIRi/n or of type HR. 

(3) If either A or B is of type HR, then M = A*e B must be of type HR. 

(4) If A is of type HR and B of type HR with ^ Q, then M = A*e B must 

log/x 


be of type HR. 
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For a while, we assume that A 3 £) C i? is a general triple of cr-hnite von 
Neumann algebras together with faithful normal conditional expectations : 
A ^ D, : B ^ D, and let 

iM,E^) = iAE^)*n iB,EE) 


be the amalgamated free product. Choose and £x a faithful normal state on 
D, and we set: 


A:= Ax KD D := D K C B := B x R, 

cr D a D 


and 


M ■= M X 


.VoEf 


R. 


Then there are faithful normal conditional expectations 

r*C30 \ POO 

a{t)X{t)dt\ := I 


E^-.A^D- 

F^-.b^d- 

^ :M ; 






E^ 


' —OO 

poo 


— OO 

poo 


' —OO 

poo 


b{t)X{t)dtj := j 
m{t)X{t)dX : = 


— OO 

poo 


E^{a{t))X{t)dt, 
EEm)x{t)dt, 
E^ {m{t))X{t)dt. 


Theorem 4.4. ([Ul, Theorem 5.1]) In the current general setting, we have 


(4.3) 


M,E^\ ^ (A,Ei 




b,eE 


Moreover, the dual action 9^ {t G R) associated with M is determined by those 
6f, Of associated with A, B, respectively, in such a way that 


(4.4) 


qM \ _ nA 

U ~ ’ 


oM I_ 

\b ~ ■ 


Let us return to the original setting, namely, the triple A O D O B consists 
of two von Neumann algebras with separable preduals and a common Cartan 
subalgebra. By Theorem 4.4, we have 

(4.5) M A*£) = A B. 

Since D is also a common Cartan subalgebra in both A and B, we write A*p, B 
as the amalgamated free product von Neumann algebra of A and B over D with 
respect to the conditional expectations E^, E^ since no confusion is possible. 

We further suppose that both A and B are factors of non-type 1 in what follows. 
Theorem 4.4 (or (4.5)) together with the proof of Theorem 4.2 implies 
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Theorem 4.5. ([Ul, Theorem 5.4]) In the current setting, we have 

(4.6) Z{M) = Z{A) n Z{B) C b. 

Let {XA,Fb), {Xb,F^) be the flows of weights ([CT]) of A, B, respectively. 
Fix a point realization D = L°°{X, p), and set := X x R equipped with the 
usual product measure djj, ® e~^dt and F^{x, s) := (x, s + t). Then there are two 
factor maps 

TT^ : (Xn, Fb) - (X^, Ff), yrf : {Xd, F[>) - (X^, Xf) 

since D is a common Cartan subalgebra in both A, B. Let {Xm, F^^) be the flow 
of weights of M. Theorem 4.5 says that there are three factor maps 

ni : (X^, Fb) - (Xm, Ff), : (X^, F^) - (Xm, Ff), 

7r^:(XB,F,^)^(XM,Ff). 


Corollary 4.6. ([Ul, Corollary 5.6]) The flow (Xm, F/^) is determined as the 
unique maximal common factor flow of those (X^, Ffl), (X^, Ffl), and (X^, Ffl). 


This corollary explains all the type classification results mentioned before. In¬ 
deed, if A (or B) is a factor of type IIIi, then the flow of weights (X^, F^) (resp. 
{XB,Ffl)) is trivial (see [CT],[T2]), i.e., the one-point flow, and hence the corol¬ 
lary says that so is the flow of weights (Xm, Ffl^), which means that M is of type 
nil. The others can be also explained similarly. 


Corollary 4.7. ([Ul, Corollary 5.8]) If A and B coincide with each other, 
i.e., A = B, then the amalgamated free product M = A *£, B {= A* b Ib 
A {= B) have the same flow of weights. In particular, any ergodic flow can be 
realized as the flow of weights of a certain amalgamated free product. 


Remarks 4.8. A few remarks are in order. 

(1) Corollary 4.6 has the trivial reformulation: The flow of weights (Xm,Fj^) 
coincides with the associated flow ([HOO],[Kr],[FM]) of the canonical equivalence 
relation IZm introduced in §3. 

(2) Based on Theorem 4.4, (4.3) (or (4.5)) together with the proof of Theorem 
4.1, we can show the following: Let A and B be von Neumann algebras (with 
separable preduals) having no type I direct summand, and let F be a common 
Cartan subalgebra. Then we have 

(4.7) ZiA^bB) = Z(A)nZ(B) (C b). 

This implies 

(4.8) Z(A *D B) = Z{A^Bb'' = ZiAdf^ n ZiBb"" = Z(A) n Z(B) (C D) 
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thanks to (4.4) and the continuous decomposition theorem [T2]. 

(3) The (4.8) in the above (2) can be reformulated as follows: Under the assump¬ 
tion that both A and B have no type I direct summand, the amalgamated free 
product M = A*dB is a. factor if and only if the canonical equivalence relation 
TZm is ergodic. 


5. Miscellaneous Results 


5.1. Let A D D C B and : A ^ D, : R ^ D be as in §2, and let 

(M,E«) = (A,Efy*o(B,Eg) 

be the amalgamated free product. Suppose that M has separable predual, or 
equivalently that so do both A and R, and further that we have known that 

(5.1.1) Z{M) = Z{A)nZ{B) (Z Z{D). 

Then we have the following simultaneous direct integral decompositions: 


M= M{io) dv{u) ZA= A{u) di'{uj) ZD= Dioj) du{u) 

Jq Ju Jq 

rS) rS) r® 

M= M{u) dp{u) ZB= B{(j) dh'{u) ZD= D{uj) dh'{u) 

Jq Jq Jq 

with Z{M) = Let 

n= n{u) diy{u) 

Jq 

be the corresponding direct integral decomposition of R = LJ{M). We may and 
do assume that u i—> ^{u) is a constant field of the separable inhnite dimensional 
Hilbert space. The conditional expectations Eff, R^, E^ are also decomposed 
as follows: 

< = /“(EfL dv(w), 


Ei = / (e£)^ dv(ui), eE = / (eEU ii'®), 

JQ JQ 


Theorem 5.1. Under the hypothesis (5.1.1), we have 

(5.1.2) (M(o;), {E^U - (H(o;), (R^).) {B{uj), (R^).) 

for almost every u E fl. 
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Before going to the proof, we provide a suitable (for our purpose) reformulation 
of freeness. Let (A^ 5 L, E : N ^ L) he a L-probability space, i.e., 3 L is an 

inclusion of unital algebras with the same unit and E : N ^ L is a conditional 
expectation in the purely algebraic sense. Assume that A^i, N 2 are unital algebras 
containing L in common. We introduce the operation x E N [x]° := x — E{x), 
and the freeness (with amalgamation over L) of the pair A^i, N 2 can be interpreted 
as follows: 

Lemma 5.2. The pair Ni, N 2 are free with amalgamation over L if and only if 
the mapping 

*^(Wi,A 2 ) : (xi, X 2 , • • ■ , Xn) E A(A^ 1 , N 2 ) E{\xi]°[x2]° ■ ■ ■ [Xn]°) 

is identieally zero. Here, A(A'i, N 2 ) is the set of those finite alternating seguences 
(xi, X 2 , • • ■ , Xn) of elements in Ni U N 2 with Xi E j(l) 7 ^ j(2) 7 ^ ■ ■ ■ 7 ^ j{n). 

In our case, the operation m E M [m]° := m — E^[m) E M° := KerEff is 
normal and linear, and can be (direct integral) decomposed as follows: 

[ ■ ]° = / [ ■ ]: duico), 

Jn 

where [m(cc;)]° = m{uj) — a normal linear map, for almost every 

u E hi. 

Proof. (Proof of Theorem 5.1) Since both A and B have separable preduals, one 
can choose countable families {bk}k£n in such a way that they generate 

A and B, respectively. Let 

ak= a,k{u) diz{u), bk= bk{uj) diy{u). 

Jn Jn 

Then we can choose a co-null Borel subset hli of hi in such a way that, 

(V G hl]^, 

(a) M{ui) is generated by A{u) and B{u)] 

(b) (£«)„ : M®) ^ : A[u) ^ D[ui), (£;«)„ : B(^) 

are faithful normal conditional expectations and 

= (Ed).. (OJbh = (E^d).. 

(c) A{u) and B{u) are generated by the ak{(xys and the 6 fc(<^)’s, respectively. 

Replacing the a^’s (resp. the b^s) by all the hnite products of them and their 
adjoints from the beginning, we may and do assume, instead of (c), that 

(c)’ the linear span of the akioofs (resp. the 6 fc(a;)’s) forms a a-weakly dense 
>K-subalgebra of A{uj) (resp. B{uj)). 


for every 


D(® 
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The restriction of the map *h(A,B) to the subset A({afc}fceN, {^fcjfceN) is identi¬ 
cally zero by the freeness of the pair A, B (see Lemma 5.2). Therefore, there is 
a co-null Borel subset hlo of hli such that 

= iE^)U['mi{uj)]l[m2{u)]l ■ ■ ■ [m„(a;)]°) = 0 

for every {mi{x), m 2 {x), ■ ■ ■ ,m„(a;)) e A({afc(cu)}fceN, {5fc(ci;)}fc6N) and for ev¬ 
ery O' G ffo- Since the operation y ^ [?/]° is normal and linear, the mapping 
itself is identically zero thanks to (c)’ with the aid of the Kaplansky 
density theorem. Hence, A{u) and B{u) are free with amalgamation over D{u) 
for every a; G Hq by Lemma 5.2. Hence we have proved the assertion. □ 

5.2. We would like to apply Theorem 5.1 to amalgamated free products over 
Cartan subalgebras. In what follows, we suppose that the triple A ^ D C B 
consists of factors (with separable preduals) of non-type I and a common Cartan 
subalgebra. The starting point of the discussion is Theorem 4.5, (4.6): 

Z{M) = Z{A) n Z{B) C D. 

Theorem 5.1 implies 

Corollary 5.3. Almost every faetor M{x) in the eentral deeomposition 

/•(B 

M= M{x)dy{x) 

Jxm 

of the eontinuous core M can he written as an amalgamated free product over a 
common Cartan subalgebra. 

Here, we further suppose that M is of type HIa (0 < A < 1), or equivalently 
that the flow of weights {XM,Bf^) is an (essentially) transitive flow with period 
— log A (see [CT],[T2]) so that we may and do assume that 

Xm = [0, — log A), = the translation by t (mod : — log A). 

Since is transitive, we have M(0) = M(x) for every x G Xm = [0, —logA), 
and hence we may and do assume that x G Xm ^ M[x) is a constant held of 
the type Hoo factor M(0). Hence, we conclude 

Corollary 5.4. In the current setting, the {unigue) type Ilgo factor appearing in 
the discrete decomposition ([Cl]) of M is written as an amalgamated free product 
over a common Cartan subalgebra. 
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5.3. We keep the setting and the notations as in §§5.2. It is known that an ergodic 
free action of a non-amenable discrete group may or may not be amenable ([Z], see 
also §6), or equivalently the associated von Neumann factor may or may not be 
injective (see [C2]) (or hyperhnite), and hence it is somewhat non-trivial whether 
or not the amalgamated free product M = A*£, B is non-injective. 

Theorem 5.5. In the current setting, there is a copy of the free group factor 
L(¥ 2 ) in the continuous core M which is the range of a faithful normal conditional 
expectation. In particular, M is not injective. 

The non-injectivity result follows also from a result in our resent work [U2], 
where we have shown that the amalgamated free product M = A*^ B is not a 
McDuff factor (under the assumption that both A and B are factors of non-type 
I). However, the proof below is still valid even in the case that both A and B 
have no type I direct summand. (See Remarks 4.8, (2),(3).) 

Proof. Let Tr^j, Tr^, Tr^, Tr^^ be the canonical traces on M, A, B, D, respec¬ 
tively, (scaled in the usual way under the dual actions). It can be checked that 

TrM = Tr5°^D> Tr;^ = Tr^ o Tr^ = Tr^ o 

where Eff : M ^ D, : A ^ D, E^ : B ^ D are as in §4. As in §§6.1, 
we consider the simultaneous direct integral decompositions of the inclusions 
M D A, B ^ D and the conditional expectations Eff -. M ^ D, E^ : A ^ D, 
E^ : B ^ D subject to the central decomposition 

/•© 

M= M{x) dp{x) 

Jxm 

thanks to Theorem 4.5, (4.6), and let 

= [ (Ti-d),; Mx) 

JXm 

be the corresponding direct integral decomposition. 

Note that the continuous core M is of type IIoo or of type IR. (Recall that, 
the continuous core of a von Neumann algebra of type III must be of type IIoo, 
while there is no type change for the other types.) We assume that M is of type 
IIoo in what follows, since the quite similar (actually simpler) argument as below 
apparently works in the type IR case. 

Let X be a co-null Borel subset of Xm satisfying the same conditions (a), (b), 
(c) as in the proof of Theorem 5.1 with the additional ones: 
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(e) Both A{x) and B{x) are von Neumann algebras of type II for every x E X. 
(This follows from the assumption that A and B have no type I direct 
summand.) 

(f) is a faithful normal semi-hnite trace, and thus so are 
both (TrB)^o(£i)_, (Trg)^o(ig)^, 

By choosing a much smaller co-null subset instead of X if necessary, the set of 
those (x,p) E X X B(Ho) with the separable Hilbert space Hq (on which almost 
every D{uj) act), satisfying 

• p = = p* E D{x)] 

• 1 

can be assumed to be Borel. Therefore, the measurable selection principle enables 
us to choose a measurable held x E X ^ p^ E D{x) of projections such that 
(Tr^)^ (Pj.) = 1 for every x E X, and we set 

p:= p^dp^x). 

JXm 

Since M is of type IIoo, we have 



M{x) dp{x) 



Bin,) 


IX. 


p^M{x)pA ®B{n,) dp{x) 


with the separable Hilbert space n,. Then we see that, for every x E X, 

• both pxA{x)px and pxBix)px are of type Hi (thanks to (e),(f)); 

• pxAix)px, PxBix)px are free with amalgamation over Dix)px in the Dix)px- 

probability space [pxM{x)px, (t'),(c) and the proof 

of Theorem 5.1). 

Repeating the argument of the type IIIq case in the proof of [Ul, Lemma 4.2], we 
choose two measurable helds x E X ^ Ux E PxA{x)px, x E X ^ Vx E PxB{x)px 
of unitaries satisfying 

(Bi')y('«j") = o, (B|)y(»j”) = o 

for every 71 ( 7 ^ 0 ) G Z, and set 


Uxdp{x), 


'Xm 


Vxdpix) 


'Xm 


u := 


V := 
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Then u, v are free Haar unitaries, and hence the von Neumann subalgebra N : = 
{u,v}" of pMp is isomorphic to the free group factor L{¥2)- Notice that N is 
decomposable relative to Z{M) = L°°{Xm, p) and that Ux, Vx also are free Haar 
unitaries for almost every x G Xm- Therefore, we have 

L(F2) = N{x) = {ux, Vx}'' C pxM{x)px for almost every x G Xm, 
and thus 

L(F2) ® B{no) ® Cl C L(F2) ® BiHo) Z z(m) 


L(F 2 ) ® B{Ho) dp{x) 


C 


'Xm 


'Xa 


PxM{x)px) Z B{H) dp{x) 


M{x) dpi,{x). 


'Xm 


Since pMp is of type IIi, the copy of L(¥ 2 ) ® B{TLq) in M (or in M{x) for almost 
every x G Xm) is clearly the range of a faithful normal conditional expectation. 
Hence we are done. □ 


Since the copy of L(F 2 ) constructed in the proof is well-behaved with the central 
decomposition of M, we have 

Corollary 5.6. Keep the same setting as in Theorem 5.5. If the amalgamated 
free produet M = A*d B is of type 111^, then the type Hoc. faetor appearing in the 
discrete decomposition of M contains a copy of the free group factor T(F 2 ) which 
is the range of a faithful normal conditional expectation. Therefore, so does the 
M itself. 

Proof. The first part of the assertion is clear from the proof of Theorem 5.5 
together with Corollary 5.4. The latter follows from the hrst half and the discrete 
decomposition theorem ([Cl]) for type 111^ factors. □ 

For a while, we assume that both A and B are general factors (not necessary 
of non-type I) and that H is a common Cartan subalgebra. If either H or H is 
of type I„ with possibly n = oo, then both must coincide, i.e., A = B = M„(C) 
or B{TL). In this case, we can see that M = A *£, B {= A* d A) is isomorphic to 
L(F„_i) ® A. Therefore, we obtain 

Corollary 5.7. The amalgamated free product M = A *£, B of factors {with 
separable preduals) over a common Cartan subalgebra is injective if and only if 
either A or B is of type I 2 {and hence A = B = M 2 (C) and D is the diagonals). 
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This corollary can be thought of as an analogue of the following classical group 
theoretical fact: A free product group G * H is amenable if and only ii G = H = 
1 ^ 2 - 

5.4. We keep the same setting and the notations as in §§5.2 even in this subsec¬ 
tion. We would like here to show that the amalgamated free product M = A*dB 
is not related to any free group factor as a simple application of the striking result 
[V2] of D. Voiculescu with the aid of Theorem 5.1 (or Corollary 5.3, Corollary 
5.4). A similar application of Voiculescu’s result was also given by D. Shlyakht- 
enko [SI] in a different context. 

When the amalgamated free product M = A *d B is of type IIi, we can apply 
directly Voiculescu’s theorem to the case since the normalizer Mm{D) generates 
the whole M, and hence M is not isomorphic to any (interpolated) free group 
factor L(Fr) with 0 < r < cx). Thus it suffices to consider only the infinite cases, 
and we start with the following lemma: 

Lemma 5.8. Let N ^ C be a factor of type IIoo and an abelian von Neumann 
subalgebra. Let Tr be a faithful normal semi-finite trace on N such that Tr|c is 
semi-finite. Suppose that the normalizer Mn^G) generates the whole N. Then, 
for each finite (in N) non-zero projection p E C (such a projection indeed exists 
since Tr|c is semi-finite), the normalizer NpNp(Gp) generates the whole pNp. 

Proof. By assumption, we see that the linear span of N'n(G) forms a a-weakly 
dense *-subalgebra in N. Hence, the linear span of elements of the form pup with 
u G N'n(G) also is a-weakly dense in pNp. Since p is hnite in N, pNp is a factor 
of type III. Let us denote q and r the support and the range projections of pup, 
respectively. Then the projections q, r are in pNp since q,r < p. We here need 
the following fact: 

Fact 5.9. If p ^ q (or equivalently p ^ r thanks to the fact that pNp is finite), 
then there is an element w G GAfpNp(Cp) with w*w = p — q, ww* = p — r. 
Here, QN'pNp(Gp) denotes the normalizing groupoid, i.e., the set of those partial 
isometries v E N such that v*v,vv* G C and vGv* = Cvv*, v*Gv = Cv*v. 

Proof. (Proof of the Fact.) Since V is a factor, we have (p — r)N(p — q) ^ {0}, 
and hence there is a unitary v G AfN(G) such that (p — r)v(p — q) is not equal 
zero. Thus, there is a non-zero element Vq G GAfpNp(Cp) such that VqVq < p — q 
and vqVq < p — r. We can do the standard exhaustion argument thanks to the 
fact that pNp is hnite. Hence we get a desired partial isometry. □ 

Let w := pup with u G Afp^(G), and the above fact says that we can choose 
a unitary w G AfpNp(Cp) in such a way that w = rwq. Moreover, q, r can be 
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written as finite linear combinations of unitries in Cp, and hence rwq is a finite 
linear combinations of elements in MpNp{Cp). Therefore, any element in pNp can 
be approximated cr-weakly by hnite linear combinations of elements in MpNp{Cp). 
Hence we complete the proof of the lemma. □ 

Proposition 5.10. Keep the same setting as in Theorem 5.5. 

(1) If the amalgamated free product M = A * 1 ) B is of type IIoo, then M is not 
isomorphic to any L(Fr) ® B{TL) with 0 < r < cx). 

(2) If the amalgamated free product M = A*jy B is of type III, then almost every 
type IIoo factor appearing in the central decomposition of the continuous core M 
is not isomorphic to any T(F,,) ® B{H) with 0 < r < oo. 

(3) If the amalgamated free product M = A*n B is of type IIIa (0 < A < 1), then 
the type IIoo factor appearing in the discrete decomposition is not isomorphic to 
any T(Fr) 0 B{'H) with 0 < r < oo. 

Proof. All the assertions follow from [V2, 5,3 Theorem, 7.4 Corollary] with the aid 
of Lemma 5.8. When showing the assertions (2), (3), we further need Corollary 
5.3, Corollary 5.4, respectively. □ 

6. Example I. Boundary Actions of Free Groups 

6.1. Let X be a hnite set with |X| > 2, and we set := G X}. We 

consider the free group T ;= F(X) over the generators X and its boundary ST. In 
this case, the boundary ST is dehned as the one-sided shift space of the alphabets 
X U X“^ determined by the forbidden blocks {xx~^), equipped with the 

usual product topology. It is plain to see that ST is identihed with the set of 
semi-inhnite reduced words in X U X“^. We will freely use these two different 
descriptions in what follows. The group T acts topologically on the boundary ST 
by the left multiplication, i.e., for 7 G T and for u = UJ1U2 ■ ■ ■ G ST, 

j ■ u := the reduced form of the word JCU1U2 ■ ■ ■. 

6.2. We decompose the set X into two disjoint non-empty subsets Xi, X2 with 
X = Xi U X2. Then we have T = Ti * r2 with Ti = F(Xi), r2 = F(X2). The 
boundaries STi, dT 2 can be (topologically) embedded into ST as follows: 

cITi =the shift subspace of ST 

with extra forbidden blocks (x), t G X 2 , 
dT 2 =the subset of ST 

with extra forbidden blocks (x), x G Xi. 
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Therefore, the subspaces (9ri, dT 2 are closed and invariant under the actions of 
Ti, r 2 , respectively. We consider the following disjoint decompositions: 


(9r = ((9ri)"U(9ri, ar = (arsj'u^Ts, 


and note that (aTi)'^, (ar 2 )'^ are open and invariant under the actions of Ti, r 2 , 
respectively. We dehne 

(ari)^ := {U = {un)Zi e ; c^i e X2 u (X2)-'}, 

(ar2)^ := {0^ = 1 e (ar)-^; c^i e Xi u (Xi)-'}. 


Let us dehne the map <hi ; Ti x (aTi)-*- —(aTi)'^ as the restriction of the action 

map r X ar —ar, i.e., 


( 6 . 2 . 1 ) 


(e, a;) h-> u, 

(71 ■ ■ ■ 72, Mn=i) ^ ( 7 n • • •, 7n, n; 2 , ... ) 


for each reduced word 71 ■ ■ ■ 7 n. Similarly, the map $2 : r 2 x (ar 2 )^ ^ (ars)^ is 
dehned as the restriction of the action map T x ar —ar. We here note that the 
topology on ar is generated by the family of clopen sets of the form: 


11(7) = {u = {Un)n=l e ar ; = 

with a reduced word 7 = 71 ■ ■ ■ 7n- 


Lemma 6.1. We have 

(6.2.2) (arO-^ = □ □ ff(7n;), 

7€ri a;GX2U(X2)“^ 

(6.2.3) ( 8 r,)'= y □ fi( 7 u.). 

7 Gr 2 a;GXiU(Xi)-l 


It is plain to check that 

( 1 ) the maps $ 1 , $2 are bijections; 

(2) <hfc({7} X n(ct;i ■■■Un)) = ■■■Un) {k = 1, 2) 

with a reduced word ui- ■ - Un- 

Therefore, thanks to Lemma 6.1, we see that <l>i, $2 send all the basic clopen 
sets to all those, when the product topologies of the discrete one and the induced 
one from ar are considered on both Ti X (aLi)^, r 2 X (ar 2 )‘*‘. it is also plain to 
check that 

<hfc( 7 i 72 ,cc;) = 7i ■ <I>fc( 72 , w) (/c = l,2). 


and hence we conclude 
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Proposition 6.2. The maps : Ti x {dTi)^ $2 : Ts x ^ 

(5r2)'^ are homeomorphisms, and via these homeomorphisms, the aetions ofTi, 
r 2 on (5F2)^ are conjugate to those ofVi, F 2 on Fi x (SFi)-*-, Fi x ((9F2)‘*‘ 

which are defined as the product action of the translation and the trivial one. 


6.3. Let n = |X| and ni = |Xi|, n 2 = IX 2 I. We discuss here the probability 
measure p on the boundary 9F dehned in such a way that 


h(^(7)) := 


1 

2n 


V2n- 1 


£(7)-! 


with the word length function i{ ■ )■ It is known that the measure p is quasi¬ 
invariant under the action of F. (See [KS].) The non-singular action of F on the 
probability space (9F, p) can be checked to be free and ergodic (see [RR],[KS],[PS]). 
Moreover, J. Ramagge & G. Robertson [RR] showed that the action of F is of 
type III 1 so that the crossed-product M = L°°(cIF,/i) x F is a factor of type 

2n—1 

III 1 ■ Moreover, S. Adams’ result [A] (see also [Ver, Example 2 in p89]) im- 

2n—1 

plies that the factor is injective. (It should be remarked that the Cuntz-Krieger 
algebra interpretation for boundary actions provided by J. Spielberg [Sp] to¬ 
gether with M. Enomoto, M. Fuji! & Y. Watatani [EFW] also shows that the 
crossed-product is the injective factor of type III 1 .) Set A := L’^{dT,fj,) x Fi, 

2n—1 

B := L°°{dT,p) X F 2 , and it is plain to see that, the crossed-product is written 
as an amalgamated free product over a common Cartan subalgebra, that is, we 
have M = A *£) B with D := L“(9F,/i). Therefore, the boundary action of the 
free group F provides an example of an injective factor arising as an amalgamated 
free product over a common Cartan subalgebra. 


6.4. Since 


|{7 e Ffc ; i{j) =m}\ = 2nk{2nk - 1)™ ^ {k = 1, 2) 
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we have 


,i((ari)') = p. u u r 2 ( 7 Ci;) j (Lemma 6.1) 

y7€ri a;GX2U(X2)“^ J 

oo 


UJ£X 2 U{X 2 ) 


m—l 7€ri ujG.X2U{X2) ^ 
i(^'y)=m 


= 2112 — + (2ni(2ni - 2 n 2 ( 

m=l ' 

712 2ni772 /2ni — 1\ 

n n(2n — 1) ^ 1 2n — 1 / 

= 1 (by n = Hi + 712 ). 

Similarly, we have ii{{dT 2 Y) = 1. Hence, we obtain 
(6.4.1) fj.{dT,) = fx{dT2) = 0. 

Furthermore, we have 


h('^fc({7}x^(^l ■ ■ -^m))) = 


2n V 277 — 1 


2n V 277 — 1 


7(7)+'m —1 


1 

277 -1 


2n V 277 — 1 


(/^k^r^y) o <l>fc - 4 ® (hl(9rfc)-L) {k - 1,2) 


and hence 
(6.4.2) 


with the measure 4({7}) = ( - equivalent to the counting measure. 

\ 277 — 1/ 

From the discussions above, we conclude 


Proposition 6.3. We have 

L°°(aF,;n)xFi = L°°((aFi)^/i)xFi 

= 7“(ri) X Fi) ® L^iidW)^, filler,)-), 

L°°(aF,^) X F2 = L°°((aF 2 )^/i) X F2 
= 7“(r2) X F2) ® L-((aF2)^,/7kar.)7- 

The isomorphisms are indueed from the maps $ 1 , <F 2 , respectively. In particular, 
the crossed-products both are of homogeneous type loo- 


(6.4.4) 
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Therefore, we have seen that the free components of our injective amalgamated 
free product M = A*£) B both are of homogeneous type loo. 

6.5. At the end of this section, we give a criterion on injectivity of amalgamated 
free products over Cartan subalgebras. Let M = A S be an amalgamated 
free product over a common Cartan subalgebra. Here, we do not assume that 
A and B are factors nor that they have no type I direct summand. We choose 
central projections pa, Pb of A, B in such a way that both ApA and Bps have 
no type I direct summand. Since D is a Cartan subalgebra in both A and B, the 
projections pa, Pb are in D so that p := paPb = PbPa is also a projection in D. 
Suppose here that p is non-zero. Then the reduced von Neumann algebra pMp 
contains both pAp and pBp, and their freeness can be easily checked with respect 
to the conditional expectation 

{E^)p := E^\pMp-.pMp^ Dp. 

It can be easily checked that the continuous cores satisfy 

(6.5.1) pMp = pMp, pAp = pAp, pBp = pBp, Dp = Dp. 

Hence we get the inclusion relations 

(6.5.2) pMp D pAp D Dp, pMp D pBp D Dp. 

We can easily see that the conditional expectation 

{Eff)p : pMp Dp 

coincides with 

(^)^-=^Up'pVp^5p. 

Hence we can show that, the von Neumann subalgebra 

N := pAp V pBp (C pMp) 

is identihed with the amalgamated free product over a common Cartan subalgebra 



Notice here that 

• both pAp and pBp have no type I direct summand; 

• there is a faithful normal conditional expectation from pMp onto N since 

N is invariant under the modular action (t G R) with a faithful 

normal state ip on Dp thanks to [Tl] and Theorem 1.1. 
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Thus we apply the same argument as in the proof of Theorem 5.5 (see after 
the statement of that theorem) to the amalgamated free product N, and as a 
consequence we get a copy of the free group factor in pMp as the range of a faithful 
normal conditional expectation from N (and hence from pMp). Therefore, pMp 
is not injective, and neither is M. Therefore, we conclude 

Proposition 6.4. In the current setting, if the amalgamated free product M = 
A *D B is injective, then the non-type I direct summands in A and B need not 
meet (in D), i.e., their support central projections are disjoint {in D). 

Remark 6.5. One can construct two von Neumann algebras A, B with a common 
Cartan subalgebra D in such a way that (i) A has the non-type I direct summand 
and B = L°°{Vt) ® B{Ii) (possibly with any dimension dimTi > 2); (ii) the 
amalgamated free product A*d B is injective. (Compare with Proposition 6.3, 
6.4.) 


7. Example II. Number of Free Components 

Let A 3 D C R be cr-£nite von Neumann algebras with faithful normal condi¬ 
tional expectations : A ^ D, : B ^ D, which are assumed to be of the 
form; 

a = A®r(£2(n)), B = Bo®B{e\n)), D = Do^e^{n), 

EUa ® e«) = SnEtHa), E^b <Se„) = S„El,>(b) 

with 

B{f{N)) = {e,,}" D i^{N) = {e,,}", 

where the Cj/s are the natural matrix units and will be denoted by efj or e® 
instead of Cij when regarded as elements in A or B, to avoid any confusion. 
We further suppose that Rq (and hence R itself) is injective or hyperfinite, has 
no type I direct summand, and that Dq is a Cartan subalgebra. Thanks to A. 
Connes, J. Feldman & B. Weiss [CFW], we may and do assume that there is a 
unitary u E Bq such that 

Ro =< Dq, u >", R®°(m”) = 0 as long as n 7 ^ 0 , 

and the automorphism Adu G Aut(Ro) is denoted by a. 

In this setting, we will investigate the reduced von Neumann algebra pMp of 
the amalgamated free product: 

(M,E«) = (A,Ei,)*o(B,E%) 

by a minimal projection p := 1 ® en in the common subalgebra Cl ® £“(N). 
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We introduce the following notation rule: 

[a]fj ■.= a®efj in A, and [6]^ := b® efj in B, 
and, in what follows, will freely use the identihcation: 




efj = l® eg = [lijjg. 

Lemma 7.1. 

We have 


(7.1) 


XfjXlke = XiWfp 

(7.2) 

= ^jk 

= X 

Hte = [Xwm, 
m = [b]Xk6 

(7.3) 

Hg* = XX 

[b]f; = rx 


Lemma 7.2. The von Neumann algebra B is generated by Dq ® Cl and partial 
isometries n G Z, i = 2,3 ... 

Set u{n, i) := ■ [m”]®, n G Z, i = 2, 3,..., a unitary in pMp. 

Lemma 7.3. We have, for each n G Z, i = 2,3,..., 

E^{u{n,t)^) = 0 

whenever k ^ 0 (g Z). 

Proof. One may and do assume k > 0 since E^{u{n,i)~^) = E^{u{n,iY)*. 
Notice that 

f Ed [eff) = E^{e^f) = 0 as long as i ^ 1 , 

yEf^= E^tpE ® eff) = Sn ■ E^°{u'^) = 0 as long as f 7 ^ 1 . 

Therefore, by the freeness, we have, for n G Z, i 7 ^ 1, 

Ef^{u{n, = E^{ei • [uX ''' efr [uX) = 0- 

Hence we are done. □ 

We dehne the faithful normal conditional expectation 

{E^)p := E^\pMp : pMp ^ Dp = Do ® Cp 
(which is well-dehned since p is in the smaller algebra D). 

Lemma 7.4. The family 

{Ao ® Cp} U {u{n, i) : n G Z, i = 2,3,... } 
is free with amalgamation over Dq ® Cp with respect to {Ed)p. 
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Proof. Since all the u{n,iys normalize the subalgebra Dq 0 Cp and since {Dq 0 
Cp)( 2 lg 0 Cp) and (Aq 0 C1){Dq ® Cl) are contained in (^Ig ® Cp), it suffices to 
show that 

{[ai]y^u{ni, [a2]nuin2, ^ 2 )^' 

^ r„ lA- 


-^mj 11 


nrj 


‘[a^+i]ii) = 0 


whenever all k/s are not equal to 0 , the beginning and the ending letters ai,am+i 
are the identity 1 or in := Keri?^^, and the other a^-’s are 


(7.5) 


ttj IS 


in 2 !° or the identity 1 if {nj_i,ij_i) 7 ^ {nj,ij), 
in A° a {nj_i,ij_i) = {nj,ij). 

We have, for a G A, 

u{ni,ii)~^^ ■ [a]y^u{n2,i2)^^ 

= ■ ■ -4. ■ 

u{ni,ii)’^^ [a]iiu{n2,i2)~’^^ 

= 4,K^4 ■ • -4,^44 HA [«-"^]f.4i ■ ■ • 

Thus, if ki, k 2 0 and if a is such as in (7.5), we see that 

u{ni,ii)-^ya]y^u{n2,i2)'"^ e A° ■ y AV yf^, 

alternating 

C B°A°---A°B°, 

u{ni,ii)^ya\uu{n2,i2)~^^ G u{ni,ii) A°_-^u{n2,i2)* 

alternating 

CA°-B°-A°---A°-B°-A°. 

Notice that 


L,-71215 _ L,ni-n2l5 


[U diqlM 


J l22 


= U" 


iZll2 


e B°, 


u[ni,ii) u{n 2 ,i 2 ) = 


e B^A°B° {i, ^ 12 ), 

G B° {ii = * 2 ) 


n2—ni'\B 
. 11 


as long as (ni,fi) 7 ^ ( 52 ,^ 2 ), and one can easily check the desired equality (7.4) 
based on the above facts. □ 


Thanks to Lemma 7.2 together with [VI, 3.1.Lemma], we see that the reduced 
von Neumann algebra pMp is generated by 

ef) ■ (a (g) 1) • efi = 5ij ■ {a® p), a e A; 

■ ^ke ■ ^jl ~ ■ ^£j ■ Pi 

4 ■ K]fi ■ 4i = ^)’ n ez, i = 2,3,.... 
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We set 

N{n, i) := {Do ® Cp, u{n, i)}'' = Dq yia^ 2, (thanks to Lemma 7.3) 

with the conditional expectation 

= E^\M{n,i) ■ N{n,i) Dq®Cp = Dq, 

which coincides with the canonical one from Dq Z onto Dq. 

Summing up the discussions above, we conclude 


Theorem 7.5. We have 


(7.6) (pMp,{E«),) = {A„,E^l)tOo 

Here, the amalgamated free product 



{N{n,i),E(^n,i)) 


* {N{n,i),E^ri,i)) 

i=2,3,... 

is noting less than the crossed product of Dq by the free group Foo with countably 
many generators, whose action is defined as follows: 

(7.7) (Id)*^ * (a)*^ * (a2)*N ^ ^ ^ ^ 

Here, (/3)*^ means the free product of countably infinite copies of an automorphism 

P. 


We further suppose that A = B, that is, Aq = Bq = Dq Theorem 7.5 

says that the reduced von Neumann algebra pMp is isomorphic to the crossed 
product of Dq by the free group Foo whose action is 

a* ((Id)*^ * * (a2)*N ^ ^ ^ ^ 

= (Id)*^ * {a)*^ * *■■■* *■■■ . 

Here, this equality follows from the simple fact: a * (a)*^ = (a)*^. 

Remark 7.6. The result obtained in this section is thought of as a negative evi¬ 
dence towards generalizing the work [G] on the invariant “cost” of D. Gaboriau to 
general non-singular discrete measured groupoids. Roughly speaking, the “cost” 
counts the number of free components in a given hnite-measure preserving count¬ 
able equivalence relation, and recently D. Shlyakhtenko [S2] generalized further 
to hnite-measure preserving discrete groupoids from the free entropic viewpoint. 
Our result here says that the number of free components cannot be determined 
in the general non-singular case. Indeed, we suppose that our H = R is a factor 
of type III (or of type IIoo) and that D is a Gartan subalgebra as before. Then 
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the amalgamated free product M is also a factor of type III and captured as 
a groupoid von Neumann algebra (see [Ks]). We can then choose an isometry 
n G A in such a way that vDv* = Dp with vv* = p & D. The Adn gives rise to 
an isomorphism between M D D and pMp D Dp. Moreover, we can show 

(7.8) {E^)p o Adv = Adv o , 

and hence (M D D,Ef^) can be identihed with {pMp D Dp, {Ef^)p), and the 
former has two free components, but the latter has infinite ones. 

The discussions here (with trivial changes) also implies 

Corollary 7.7. Let N be an infinite injective factor of non-type I with a Cartan 
subalgebra D. Then we have 

(7.9) N *£) N = N *£) N *£) N = ■ ■ ■ = N *£) N *£) N *£) ■ ■ ■ . 

Remark 7.8. One may replace hj k x k matrix algebra Mfc(C) in the 

setting, and the discussion here still works without any essential change and the 
assertion (7.6) should be changed to 

(7.10) (.pMp,(Ey),)?‘(A„,Eil)*oJ * (lV(n, 

\ nGZ 
\i=2,3,...,k 

so that if Aq = Bq then pMp is the crossed-product of Dq by the free group Fgo 
whose action is: 

(7.11) (Id)*('=-^) * (a)*^ * *■■■* (a")*(^-i) * ■ ■ ■ . 

This is in particular thought of as a reduction formula of the amalgamated free 
product R*d R of two copies of the injective IIi factor R over a common Cartan 
subalgebra D thanks to [CFW]. The result says that, if the amalgamated free 
product R*dR had the whole fundamental group (dehned as in [PI]) E{R*dR D 
D) = R!(, then the number of its free components would not be able to be 
determined uniquely. This is completely analogous to the situation of free group 
factors L{¥n) with hnite n (see [V2, 6.13 Remark]). This analogy is very natural 
in a certain sense, because the amalgamated free product R*oR can be regarded 
as one candidate of the true generalizations of the free group factor L(F 2 ) from the 
view-point of the idea generalizing the group von Neumann algebra construction 
to the group-measure space construction. (D. Shlyakhtenko [SI] provided another 
candidate “A-valued semicircular systems” from the view-point of Voiculecu’s free 
Gaussian functor (see [VDN]).) 
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